We study the effect of intense magnetic fields on the phase diagram of cold, strongly interacting matter within an extended version of the Nambu-Jona-Lasinio model that includes flavor mixing effects and vector interactions. Different values of the relevant model parameters in acceptable ranges are considered. Charge neutrality and beta equilibrium effects, which are specially relevant to the study of compact stars, are also taken into account. In this case the behavior of leptons is discussed.
I. INTRODUCTION
The influence of intense magnetic fields on the properties of strongly interacting matter has become an issue of increasing interest in recent years [1] . This is mostly motivated by the realization that in some relevant physical situations, like high energy non-central heavy ion collisions [2] and compact stellar objects called magnetars [3] , very strong magnetic fields may be produced. Since in these systems extreme temperatures and/or densities may be found, it is interesting to investigate which modifications are induced by the presence of strong magnetic fields on the whole QCD phase diagram. Unfortunately, even in the absence of those fields, the present knowledge of such phase diagram is only schematic due to the well-known difficulty given by the so-called sign problem which affects lattice calculations at finite chemical potential [4] . Of course, the presence of strong magnetic fields makes the situation even more complex. Thus, most of our present knowledge of their effect comes from investigations performed in the framework of effective models (see e.g. [5] and refs. therein).
In this contribution we present some results of a study of the phase diagram of cold quark matter subject to intense magnetic fields in the framework of a generalized Nambu-JonaLasinio (NJL) model. The NJL-type models are effective relativistic quark models for non perturbative QCD, where gluon degrees of freedom are integrated out and interactions are modelled through point like interactions. In its simplest version [6] it only includes scalar and pseudo scalar interactions that describe chiral symmetry breaking effectively. As well known, however, a more detailed description of the low-energy quark dynamics requires that other channels like flavor mixing and vector meson interactions are taken into account [7] .
In fact, some aspects of the effect of those interactions on the magnetized quark matter have already been investigated [8, 9] . The purpose of the present work is to extend those analyzes by performing a detailed study of the resulting cold matter phase diagrams, including their dependence on the parameters that regulate the strength of these interactions. Moreover, the behavior of cold magnetized quark matter under conditions relevant for the physics of compact stars will also be considered. One of the phenomena to be discussed in detail is that related to the so-called inverse magnetic catalysis (IMC) expected to exist at low temperature and moderate values of the chemical potentials [10] . It is important to mention that, despite bearing a similar name, this phenomenon is different from the inverse magnetic catalysis at finite temperature found in lattice QCD (LQCD). Concerning the latter one, we recall that most effective models foresee that at zero chemical potential a crossover transition is obtained at a pseudo critical temperature T c that increases with an increasing magnetic field, a behavior which is contrary to the one found in LQCD calculations [11] . In fact, recently there have been significant efforts to modify the models such that they incorporate a mechanism that could lead to inverse magnetic catalysis around T c (see Ref. [12] for a recent review on this issue). We should stress, however, that this is not expected to affect the low temperature behavior discussed in this work. This paper is organized as follows. In Sec. II we provide some details of the model and its parametrizations as well as the way to deal with an external constant magnetic field. In Sec. III we present and discuss our results for symmetric quark matter. The situation for stellar matter is analyzed in Sec. IV. Finally, our conclusions are given in Sec. V.
II. FORMALISM
We consider a generalized NJL-type SU(2) Lagrangian density which includes a scalarpseudoscalar interaction, vector-axial vector and the t´Hooft determinant interaction [7] . In the presence of an external magnetic field and chemical potential it reads:
where
Here, G i with i = 1, 4 and G D are coupling constants, ψ = (u, d) T represents a quark field
m c is the (current) mass matrix that we take to be the same for both flavors, τ 0 = I, where I is the unit matrix in the two flavor space, and τ a , 0 < a ≤ 3 denote the Pauli matrices.
The coupling of the quarks to the electromagnetic field A µ is implemented through the covariant derivative D µ = ∂ µ − iqA µ whereq represents the quark electric charge matrix
In the present work we consider a static and constant magnetic field in the 3-direction, A µ = δ µ2 x 1 B. In the mean-field approximation
The solutions to the gap equations minimize the thermodynamic potential with respect to the quark masses M f , but the ω f derivatives amount to a consistency condition and the potential is actually a maximum with respect to these variables. Several solutions will generally exist, corresponding to different possible phases, and the most stable solution is that which minimizes the thermodynamic potential with respect to M f .
In our calculations we will consider first the simpler case of symmetric matter where Table I . The presence of the t'Hooft determinant interaction is very important since it reflects the U A (1)−anomaly of QCD. Its strength, and consequently the amount of flavor mixing induced by this term, is controlled by the parameter c s . An estimate for its value can be obtained from the η − η ′ mass splitting within the 3−flavor NJL model [14] . This leads to c s ≃ 0.2 [15] . In any case, to obtain a full understanding of the effects of flavor mixing we will vary the value of c s in a range going from 0, which corresponds to a situation in which the two flavors are completely decoupled, to 0.5, being this the case of maximum flavor mixing described for example in Ref. [16] . Regarding the vector coupling term it is important to recall that one can obtain naturally the terms proportional to G 2 if one starts from a QCD-inspired color current-current interaction and then performs a Fierz transform into color-singlet channels, and that in this case the relation between coupling strengths is
. Yet, the value of g v cannot be accurately determined from experiments nor from lattice QCD simulations and this is why it has been taken as a free parameter in most works. In the present work we take 0 < g v /g s < 0.5. It is worth mentioning that due to the mixing of pseudoscalar and longitudinal axial vector interaction terms, pseudoscalar meson properties depend on G 2 . Thus, strictly speaking the parameters given in Table 1 i.e. the parameter that regulates the ratio between the singlet and octet vector-axial vector interaction strengths: we will take it as a free parameter in the range 0 ≤ c v ≤ 1/2. Note that for c v = 1/2 only singlet vector-axial interactions are present and, thus, there is no mixing between the pseudoscalar and longitudinal axial vector channels.
We end this section by describing the way in which the different phases of the magnetized quark matter will be denoted as well as the procedure used to identify the boundaries between them. For the phases we adopt the notation of Refs. [16, 18] . Thus, the vacuum (i.e. fully chirally broken) phase is denoted by B, the massive phases in which M f depends on the chemical potential by C α and, finally, the chirally restored phases by A α . Here, α is a set of two numbers indicating the highest LL populated for each flavor. To obtain the critical chemical potentials at a given eB we proceed as follows. In the case of first order phase transitions we calculate the thermodynamical potential for each of the neighboring phases (that is, the global minimum with respect to M f ) and then search for the chemical potential values at which they become degenerate. In the case of crossover transitions the critical value is identified by the peak of the chiral susceptibility corresponding to each quark flavor, defined as ∂< ψψ >/∂m f .
III. RESULTS FOR SYMMETRIC MATTER
In this section we present the results obtained for the case of symmetric matter. These results were obtained solving the set of coupled "gap equations" (14) for different values of magnetic field and chemical potential. higher. All of this gives rise to a potentially complex phase diagram, whose precise form depends on the parameter set and magnetic field (The B = 0 case is simple yet depending on the parameter set there can be a few differences). The lower main transition usually shows, for moderate magnetic fields, a decrease of µ c when eB increases that is sometimes called magnetic anticatalysis [10] (even though the name is more generally used to refer to the decrease of the quark condensates as eB increases). For higher values of the magnetic field this tendency is reverted, and this gives rise to a characteristic curve in the main transition line to which we will refer as the "IMC well". It is also worth noting that some of the other transitions in the phase diagrams also exhibit an IMC-like behavior.
Now we will discuss how the phase diagrams are modified as the parameter c s is varied.
The upper two panels correspond to the c s = 0 case (no flavor mixing), which was previously studied in Ref. [16] . In a sense, each flavor will have its own independent phase diagram because the gap equations are decoupled. to the field than the up quark, it will require a magnetic field twice as large to replicate the effect on an up quark. As a consequence of this, the IMC wells are shifted with respect to each other, so there will be a large well-distinguished region where up quarks exist in the lowest LL (LLL) while down quarks are in vacuum (0B), and another region where the opposite occurs (B0).
For finite c s (second row onwards in Fig. 1 ), the coupling between flavors creates a complex pattern, where transitions move closer together to the point of coalescing in some regions, that is, the LL population changes simultaneously for both flavors (these are represented by black lines). We can see that already for c s = 0.03, the transitions in both parameter sets occur together for low magnetic fields, and then separate for eB = 0.02 GeV 2 in Set 1 and eB = 0.1 GeV 2 in Set 2. Note that for c s = 0, the transitions for both flavors cross around eB = 0.12 GeV 2 (for both sets). When flavor mixing is introduced, this crossing point transforms into a line, that is, both transitions occur together once again in an interval of magnetic field values. When c s = 0.03, they separate at eB = 0.4 GeV 2 , which is intuitive since a higher magnetic field will further break SU(2) flavor symmetry. For c s = 0.2 this separation is no longer seen in the diagrams but it can be guessed that it does occur beyond eB = 1 GeV 2 , and that for any value of c s < 0.5 there will always be a large enough magnetic field that will cause the u and d main transitions to separate.
For a better understanding of the physical meaning of the transition lines, we present in Fig. 2 the dressed masses for both flavors for Set 2, c s = 0.03, for eB = 0.11 GeV 2 .
When the first discontinuity is encountered, at µ = 370 MeV, M u jumps to half its value and its LLL becomes populated. On the other hand, the down flavor remains in vacuum.
Actually, its mass presents a small discontinuity caused by the weak coupling to the up quark which is not to be interpreted as a down transition. The down quark LLL is occupied at µ = 374 MeV. This is precisely the kind of behavior that generates a rich phase diagram for low c s values. The difference in masses is understood in terms of the effect of magnetic catalysis. Since the flavors have different charges, they couple with different intensities to the magnetic field, so the up quark will have a larger mass in the vacuum phase and a lower one in the populated phases, which is consistent with the fact that mass increases with magnetic field in the vacuum phase and decreases in the populated phase.
The behavior of the crossovers as c s is varied from 0 to 0.5 is interesting to note. For c s = 0, in Set 1, there is one crossover for each flavor. When c s is increased, the up crossover is slightly shifted to the left when crossing from the 00 to the 01 phase, acquiring a small discontinuity. In turn, a down crossover starts to appear from the left in the latter phase.
As c s is increased, these two crossovers move towards each other, while the up crossover in 00 shifts to the right, also moving towards the down crossover originally existing in that same phase. The c s = 0.5 limit, in which down and up crossovers have joined, is achieved very slowly, being the crossovers still separated for c s ≃ 0.4995.
The first order transitions for both flavors already occur together in the whole studied region for c s = 0.2, so the qualitative behavior is very similar to the full flavor mixing case c s = 0.5. In fact, the model tends to full mixing quite quickly and only for c s < 0.1 are relevant mixture effects (or more precisely, the absence of it) actually seen. VA-dH lines are brought together for a particularly small amount of mixing, already coinciding for c s = 0.03, while crossover transitions, on the other hand, tend much more slowly to the c s = 0.5 behavior.
B. Effect of the vector interactions
In this section we analyze the effect of vector interaction terms. As discussed in the previous section, for c s 0.1 the phase diagrams do not present qualitative variations.
Here, therefore, we consider c s = 0.2 which also is in the range of realistic values suggested in Ref. [15] . Although the results to be shown below correspond to c v = 0, our studies show that only small quantitative differences occur when varying this parameter from 0 to 1/2.
In Fig. 3 we present a series of phase diagrams obtained for different values of the ratio In the absence of vector interaction, the density jumps from close to 0 to 3 times nuclear matter density, while quark population jumps from 00 to a phase where several LL's are occupied. As g v increases, the amount of transitions increases too. In fact, increasing the vector interaction coupling has the same effect as going to a parameter set that reproduces a lower value of current mass M 0 , described in Ref. [16] . interactions has basically no effect on the IMC effect, the situation is different for the vector interactions. In fact, from Fig. 3 we note that if we measure the depth of the IMC well as the difference in µ between the lowest critical chemical potential at vanishing magnetic field and the lowest possible one in the whole diagram, we find that this difference is reduced by an 84% for Set 1 and by a 67% for Set 2 when going from g v = 0 to g v /g s = 0.5. To explain this feature we recall that the IMC effect can be understood in terms of the extra cost in free energy to form a fermion-antifermion condensate at finite µ, Ω ext [10] . In the absence of vector interactions this extra cost basically originates in the LLL contribution to the medium term. Considering the chiral limit for simplicity, this contribution can be shown to be proportional to Bµ 2 for symmetric matter, and it tends to decrease the difference in free energy between the vacuum phase and the finite density phase. As it is clear from Eqs. (4, 5) the presence of the vector interactions introduces some modifications in Ω ext . In the case of the medium term, they imply the replacement
there is a new contribution coming from Ω pot . Thus, assuming as above that there is LLL dominance and that quarks are massless in the chirally restored phase, the extra cost for symmetric matter is
where, for simplicity, we have assumed c v = 1/2. The generalization for arbitrary values of c v is straightforward and, in addition, the numerical dependence on c v of the estimates to be given below turns out to be negligible. Of course, ω should satisfy the associated gap equation which follows from Eq. (14) in the Appendix. Within the above mentioned approximations, the solution of this equation is
Replacing in Eq. (8) we get that Ω ext can be expressed in a form similar to that obtained in the absence of vector interactions, but where µ has to multiplied by a factor 1/ 1 + N c g v eB/π 2 . Note that the actual values of the u− and d−quark charge have been already used to obtain this factor. Thus, in the region eB ∼ 0.2 GeV 2 around which this expression is approximately valid we expect
For example, for Set 2 we obtain that the lowest critical chemical potential (which occurs at about eB = 0.24 GeV 2 ) increases by about 10 % when going from g v = 0 to g v /g s = 0.5.
Together with the fact that the lowest µ c at vanishing magnetic field stays basically constant for values of g v /g s 0.1 this explains the strong reduction of the IMC well.
Another aspect of the reduction of the IMC phenomenon induced by the presence of the vector interactions can be observed in the right panel of Fig. 4 . There, we plot the current quark mass for d quarks as a function of the magnetic field for Set 1, µ = 345 MeV and several g v /g s values, where the system is in the 00 phase at eB = 0. As discussed in
Ref. [16] in this case an actual decrease of the mass as eB increases is expected to exist. As we see, however, such a decrease is slower for larger values of g v . It should be noticed that discontinuities appearing for g v /g s = 0 corresponds to the d quark transition from the phase 00 to01 and back.
IV. RESULTS FOR STELLAR MATTER
We now turn our attention to stellar matter, that is, matter where β-equilibrium and charge neutrality are imposed. In this case, electrons and muons are introduced into the system so that the thermodynamical potential receives an extra contribution [13] 
where The β-equilibrium and charge neutrality conditions read
and
respectively. The lepton densities appearing in the last equation can be easily obtained from the derivatives of the total thermodynamical potential with respect to the corresponding chemical potentials.
Following the discussions in the previous section only results for c s = 0.2 will be presented.
If charge neutrality is imposed on our system, there will be a fixed relation between the densities of the up and down quarks, which will be necessarily different unless The transitions corresponding to the population of lepton Landau Levels are also included in Fig. 5 . In all cases, it was seen that electron's transition from vacuum to LLL occurs in the lower main transition, that is, quarks and electrons occupy their LLL simultaneously. This is understandable in that electrons have a very small, almost negligible mass, hence they will populate their LLL as soon as the associated chemical potential becomes finite.
On the other hand, muon behavior is more complex. Since they have a larger mass than electrons it is expected that they will require a larger chemical potential to acquire a finite leading to Landau Levels with larger energy, and because µ e is only a slowly increasing function of µ. The value needed for the first electron LL to be occupied, which is around 250 MeV, is therefore only achieved near µ = 900 MeV. In some phase diagrams, the muon transition is seen to affect the behavior of the crossovers. This occurs because the µ e is coupled to the order parameters, so a muon transition, with its corresponding jump in µ e , will affect the values of the quark masses and its associated susceptibilities. For g v /g s = 0.5 in Set 1, for example, the down crossover separating the 00 and00 phases is smeared out near the muon transition. In other diagrams, like the one for g v /g s = 0.3, the muon transition has completely absorbed the quark crossover.
In Fig. 6 we plot the normalized lepton densities together with those of the quarks as In Fig. 7 we show quark and lepton densities as functions of the magnetic field for µ = 0.36 GeV, for different strengths of the vector coupling. Results correspond again to Set 1.
At low magnetic field, discontinuities in the quark densities, associated with the VA-dH transitions, are always encountered. For the cases with g v = 0 and 0.3 a region is found in which ρ d changes its monotony within a C-type phase. This is because quarks can be found in this phase for magnetic fields high enough so the mass has started to increase with eB, and is associated to the region of the phase diagram above the IMC well. This behavior is not observed for g v /g s = 0.5 where the IMC effect has disappeared. For eB ∼ 0.2 GeV 2 , d
quarks are already in a phase with a low k and u quarks with k = 0, all densities increase and it is interesting to notice how slopes change whenever a d transition is encountered.
When d quarks finally reach the 0 phase all densities increase until they drop to zero when the last transition to vacuum is encountered. Catalysis phenomenon, to the point that it completely disappears when both effects are jointly taken into account. It was also found that introducing vector interaction causes the two main transitions to separate and additional phases to appear between these two, effects that are similar to those occurring when changing to a parameter set that fits to a smaller dressed mass. In the stellar matter case, the behavior of the leptons was also studied. It was found that while electron LLL becomes populated simultaneously with quarks, the muon transition presents a more complicated dependence with the magnetic field. Namely, muon LLL requires a very high chemical potential to become populated at low eB, however, it joins the main quark transition together with electrons for high enough magnetic field. 
